AN INTRODUCTION TO THE CHERN-SIMONS GAUGE THEORY

This lecture is mainly based on the following materials: Michael Atiyah’s several review
papers and his little book The geometry and physics of knots, Edward Witten’s several papers

around 1989, and Graeme Segal’s online notes.

1. Principal bundles

Before you read these notes, I strongly suggest you refer to Ko Honda’s lecture notes on
differential geometry II for the concepts and properties of principal bundles, connections,
and curvatures.

We will take a slightly different system of notations coming from the original paper of
Chern and Simons. If G is the Lie algebra of a Lie group G, for ¢ CQX(Y,G™! ¢ [
QKY, G™, we define @ LI COK (Y, G ™#1Y) a5

((p EIID(X]_, Caey Xk+kE) = Sign(c) (P(Xo(l), C Xo(k)) IIIHIXO(kH), . xo(k+kq)
k,kHshu Ce—d

For @ COK(Y,G™! ¢ LK (Y, G™! we define [p, ] CHK(Y, G T as

[0, W] (X, ..oy Xyak) = Sign(a) @(Xsqy, - - - Xow))s W(XKok+1), - - - » Xok+ky)
k,kUshu Ce—ad

where a k, kPshuffle means a shuffle 0 such that 6(1) < 0(2) <--- <o(k) and ok +1) <
o(k+1) <---<oa(k+kY, and the Lie braket on T(G) is comuted factor-wise.

The properties of these notations can be found in the paper Geometric invariants and
characteristic forms.

Warning: When G is a matrix group, and @ CXK(Y,G), ¢y CZK(Y,G), sometimes ¢ [l
means matrix product on G instead of tensor product of G. The meaning will be manifest

in the context.



2. Chern-Simons functional

In this section we mainly investigate the trivial principal G-bundle P over an oriented
closed 3-manifold Y. After we fix a trivialization, we identify P as Y % G.

Let o7 denote the space of all connections on the principal G-bundle P - Y , and ¢ denote
the group of gauge transformations. .o is an affine space with linear structure Q(Y, G). We
shall denote the general elements in &/ by w, and the general elements in QY(Y,G) by A.
Thus A is often considered as a tangent vector.

Any connection @ has a curvature F, COP(Y,G). The curvature can be considered as a
1-form ®f on & as follows. For variation (infinite dimensional tangent vector) A [T}« =
LY, G)

e (A) = [A CF,O
Y

where (131G [CGIl- R is the Killing form. The Killing form is a symmetric bilinear form

invariant under the adjoint action. These properties will be crucial in our calculations.

Pr is a closed 1-form on @7. To see this, we fix Wy = Miamc, where T, : Y X G - G is
the projection, and Wpc is the Maurer-Cartan form of G. We can compute the curvature of

w using the difference a = 0 — wy CH(Y, G):
1
F, = da + 3 [a, ]

Now suppose we have two tangent vector fields Ay, B, then the variational exterior differ-

ential of ®f is
(DPr)o(A,B) = Ag(Pr(B)) = Bu(Pr (A)) = (Pr)u([A Blar())-

Let’s compute A,(Pg(B)):

Ao(@e(B)) =l ¢ | Busa, (R B, TR
= lim ¢ _ Busa, (Fhewa, ~ By CFhusa, + By CFbusa, — By [
-~ (AvB)[E, + BLOA+B @A
Similarly,
Bo(Pr(A)=  (By°A)[EL, + ALdB~+ALQdB],



thus we have

(DPe)o(AB)= BIOA—ALB = d ALCB =0

Y Y

Moreover, ®F is exact. Its anti-derivative is the Chern-Simons functional CS : &/ - R.
Now we define this functional. For any connection ®, we have a family of connections
W =t + (1 —t)wy, 0 <t < 1. Consider this family of connection as one connection on the

4-manifold Y x| and define

CS(w)=  [B,, [CF,O

Y xI

= d(ta) +
Y <1

= dt Cal4-t do + %tz[a, o] [dt Cal+tda+ %tz[a, of
Y x1
1 1
= t dt [Id Cd& + do Cal4- %tzdﬂ:la[@,a]Jr[a,a]ljl
Y O Y O

-« m+%a g, of

Y

[ta, ta] [Cd(ta) + - [ta, ta

N —
N =

Exercise: Check that D CS = 20f.

Notice that the definition of CS involves a trivialization P 5 x G, because the base
point Wg is the pull-back of the Maurer-Cartan form via this trivialization. Changing a
trivialization is equivalent to performing a gauge transformation, and equivalent to picking

a section of P.

Challenge: Investigate how the Chern-Simons functional changes when we change the

trivialization.

Exercise: For nontrivial principal bundles, we can similarly define the Chern-Simons

form TP(w) = o Cdb + tw Cd, 0] [COPP), with o COF (P, G). Prove that
d TP (w) = By CELCI

where F, = dw + [0, 0] COF(P,G)
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2.1. Morse theory. The one form ®f is invariant under gauge transformations, for the
gauge transformation acts on the tangent space by conjugation, and the Killing form is
invariant under the conjugation.

Consider the (possibly singular) bundle &/ - &/ 4. We claim that the 1-form F is
horizontal, i.e. vanishing in the vertical direction. A vertical tangent vector corresponding

to & [T1¥ is of the form

e %ae® +e®d e® —a =|0,& +dE [T},

| =

Ao = fing
then

Fo(AY) = (o, €] +dE [CE

Y

= Y_ E.E[EyFoo] - Elj]Fu)

- (LA

v
=0 L[Z (by the Bianchi identity)

In conclusion, ®g, as a gauge invariant horizontal 1-form on &7, descends to a 1-form
on &/ 4. In case of G = SU(2) and Y a homology sphere, the functional CS defines a
R/Z-valued Morse function on 27/ ¢ (some perturbation may be needed). The study of this
Morse function led to the instanton Floer homology, which can be seen as a categorification

of the Casson invariant.



3. Chern-Simons quantum field theory

3.1. Quantum field theory. Let Y be an n-dim closed manifold, and F(Y) is a class
of fields defined on Y (mathematically, these fields are sections of some bundles on Y).
S : F(Y) - R is the Lagrangian action functional. The partition function of Y is defined

by the formal integral (often called Feynman path integral)

v__
Wy = e TIS@/Chg
F(Y)

where £ is the Planck constant and D@ is a formal measure on F(Y ).

Physics background: If we describe a physical system using the classical concepts — the
sections of bundles on the space-time manifold — then the system looks stochastically, and
the Lagrangian action functional controls the “distribution” (this is not a honest distribution,
since the “density” is complex). Let O be a dynamical variable (classically, a functional of

fields), then the vacuum expected value of O is

v__
0(g) e 5@ TDe

o=t F(Y)

Vo /
e IO/

F(Y)

QFTs are supposed to be local, that is, the formal measure D@ is supposed to have nice
properties such that the procedure described following can be performed: If Y = Y; [Y}
with Y1 n Y, = X, an (n — 1)-dim submanifold of Y, then

F(Y) = {(Q1, 02) CHY1) x F(Y2) : ¢a]x = Q2|x},
and suppose S is additive, S(@) = S(@1) + S(@2). Then the path integral can be written as

v__ v__
U(Y)= e ~1S5@/ThHe, e ~1S@/ TP, Dy.
FOO  {o1r ¢a|x=uv} {02 @2/x=u}
Notice that the two interior integrals can be considered as partition functionals Vv, , Wy, as

functionals on the space F(X) of boundary conditions,

v__
Wy () = oISy,
{oi: @ilx=uw}
That is to say, formally Wy,, ¥y, CEIN(F(X)).

Now suppose Y is cut to the union of three parts by two submanifolds Xg, X3, as in the

following picture.



Then the partition function of Y is (formally, of course) the following iterated integral:

v__
Wy, (Yo) e ~1S@THe, Wy, (P1)Dw; Do,

F(Xo) F(X1) {921 021x,=Wo, P2|x;=W1}
where @; BKYi), and l.|Jj HKXJ)

In the same spirit we formally right down the partition functional of Y; [Y},

v__
Uy, va(Ys) = Dy, (Yo) e ~1@TDHe, Dy
F(Xo) {92! @2lxg=Wo, P2|x,;=Y1}

This shows the transition Wy, B Wy, vz is realized by an integral operator Ky, : Fn(F(Xp)) -
Fn(F(X;)) with the integral kernel

v__
(Y1, Wo) = e ~15@2 g,

{921 92|xo=Wo, @2|x,;=W1}

3.2. Formalism.

Definition 3.1. Two oriented closed (n — 1)-manifolds (not necessarily connected) Xo, X;
are cobordant if Xo Xl is the boundary of a compact oriented N-manifold Y . (Here Xg is
Xo with the reverse orientation.) This Y is called the cobordism from Xy to X;. Denoted
by Y : Xo X4 Cobordisms can be composed: if Y; : Xg [Xd and Y, : X; [Xd then
Y1 L lY2 is a cobordism from Xg to Xp.

Definition 3.2. An n-dimensional topological quantum field theory (TQFT) contains the
following things (there are many ways to organize these axioms and what we provide here

may not be perfect or even complete):

(1) A functor E from the category of oriented closed (N — 1)-manifolds and orientation-
preserving diffeomorphisms to the category of complex vector spaces and isomor-
phisms, such that E(X; [Xb) = E(X;) CEIX,).

(2) To every cobordism Y : X, [—Xglassign an linear operator Z(Y ) : E(Xo) —» E(X3).
This assignment commutes with the composition of cobordisms and is covariant under
orientation-preserving diffeomorphisms of cobordism, namely, if Y,Y ": X, [Xilare
two cobordism and f : Y - YUis a orientation-preserving diffeomorphism with
f(Xi) = Xj, then Z(YY = E(f|x,) © Z(Y) o E(f|x,) .

(3) Z(X x 1) = idg(x)-
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The vector space E(X) is the formalism of Fn(F(X)), and the operator Z(Y ) is the

formalism of the integration operator Ky .

;From these axioms we can deduce some simple facts. For example, E(OJ= C (follows
from the tensor rule), and Z(Y [YH = Z(Y ) CZIY Y (considering Y [YFas a composition
through [0 Less trivial results include the finite dimensionality of E(X) and the duality
between E(X) and E(X). To see this we need the following lemma

Lemma 3.3. The vector spaces V and W are finite dimensional and in duality if and only
if there exist linear maps a : C - V and 3 : W [V1- C such that

(3.1) VAR ol mva e VA 1l v S VR G,
is the identity map and
(3.2) w o w W tvorw e rw - w

is also the identity map.

Proof. If V is finite dimensional, let B be the evaluation map and a is defined as a(l) =
.ei Cefvhere {ei} is any basis of V.
On the other hand, suppose a and [ satisfy the condition in the Lemma. a(1) = ;v; [w;l
is a finite summation. The first implement is, V and W are finite dimensional, because
v 1 B v Dl v B(w; [l is the identity. Same for W. The duality can
be seen from the isomorphism f : W - V5 f(w) (v) = B(w ]l This map is injective,
because if B(w [;])’s are all 0, then w =, B(w [3;]w; must be 0. It is surjective because,
for each g V15 let wg =, g(Vvi)w;, then F(wg) = g. 1

In a TQFT we can always find a : C - E(X) CEIX) and B : E(X) CEIX) - C
satisfying the condition of the previous lemma. The oriented boundary of X x I is X [XI,
which can be written as CILXI X or X [XI [IThence X % | can be considered as the
cobordism Y; : CIT_X1ICX or Y, : X [XI CLLet a = Z(Yy), B = Z(Y,). The following
picture shows that (id [CRJe (a [id) = id, and the other identity can be obtained similarly.
Now the lemma tells us E(X) is finite dimensional and E(X) = E(X)% (I would like to

remark that the finite dimensionality originates in the definition of the tensor product. If
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we generalize the concept of tensor product, we may make sense of a TQFT with infinite

dimensional vector spaces.)

Let’s take a look at the special case Y = Y; [, where X = dY; = 0Y,. Now Yy is
a cobordism from [fo X, the linear operator Z(Y;) : C — E(X) is determined the image
Z(Y1)(1) CH(X); Yz is a cobordism from X to [ ko Z(Y,) CHom(E(X),C) = E(X)™!
Since the assignment Z respects the composition of cobordisms, Z(Y) = [A(Y1), Z(Y,)[d
This will be a key point in the Chern-Simons quantum field theory.

Why topological? Because a general quantum field theory is background-dependent, i.e.
the vector space E(X) and the operator Z(Y ) depend on the metrics put on X and Y. In
our definition of TQFT, however, we ask these assignments to be functorial with respect to

diffeomorphisms.

Exercise: Read Segal’s online notes (TFT [1]) to understand all 041 and 1+1 dimensional
TQFTs.

3.3. Chern-Simons QFT. Many QFTs have symmetries. From a mathematical point of
view, to say that a QFT on the manifold Y has symmetry group ¢ means its classical phase
space F(Y ) admits a -action, and the Lagrangian action functional S is invariant under
this ¢-action. Some symmetries are called internal, meaning, they come from a group action
on the fiber space of some bundles over Y. This is to say, the classical phase space F(Y ) is

the collection of sections of some associated vector bundles to a principal bundle P Svy.

On a closed 3-manifold Y, we can talk about QFTs that has internal symmetry group G.
Let P be the trivial G-bundle over Y. Now take F(Y ) = &7, and the Lagrangian action

functional to be the Chern-Simons functional CS(®). Then the partition function

v __
Z(Y)= e~m CS@ pg
o
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(if exists) is a topological invariant. Here K represents 1/h, and we shall see that kK must be

an integer to make this a sensible theory.

The Chern-Simons QFT is gauge invariant. This is very important because in physics,
roughly speaking, the gauge symmetry is not “physical”, but better to be thought of as a
redundancy in describing the physical phenomenon. In the case of G = SU(2), ¥/% L7l
the functional CS(w) change its value by multiples of 812 under gauge transformations. For
the “density functional” e\/__1 CS() to be gauge invariant, k must be an integer and will be

called the level of the theory.
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4. Geometric quantization

4.1. Equal-time phase space. We start to construct the TQFT assignment E in Chern-
Simons QFT. Now this TQFT is in 2+1 dimensions. Suppose Y is a compact, oriented
3-manifold with connected boundary . The Chern-Simons action functional deduces a
symplectic structure on the space @ = {G — connections on X}. To see this, we perturb w
in &,

(DCS)y(A)=2 [AL[FE @A Call
Y >

The second term defines a 1-form © on %, and its differential ) = %@@ is a symplectic

form on <%,

QAB) = -~ A B
oM 5

The (infinite-dimensional) symplectic manifold (o5, k) is the level k equal-time classical
phase space of this QFT. There is a quantization procedure that produces a vector space H

out of this symplectic manifold.

4.2. Symplectic reduction. This symplectic manifold o5 has an action of the gauge trans-
formation group %. We have mentioned that the gauge invariance is not physical, and now
must be “factored out” from the vector space H. It turns out the following diagram com-

mutes,

invariants q/

H 0

quantization quantization

,Q/z reductfg?fz / /gZ

Therefore we can quantize a smaller space .@%//%s to get the %s-invariant part of H.

Let’s look at the action of % on the symplectic manifold 25 (in this paragraph let k = 1).
We claim that this action is Hamiltonian, that is, for any § [Lie(%s), the tangent vector
field AY = [0, &]+dE A (%) is the Hamiltonian vector field of some function hg : % - R.
We explicitly write down the function hg(w) = [} F, [I(It is quite straightforward to prove
the claim, i.e. to show that Q(A, Af) = (@hg)j(A) for any A [Tl,o/s and § [Lie(%). )
Recall that a moment map of a symplectic group action is a map WU : &% — Lie(%)“$uch

that p(w) (§) = hg(w). In our case ( % acting on % ), the moment map is exactly the
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curvature

F:os - Q2,6 Le#%)Y) wBdF - O, FO
>

The symplectic reduction of % with respect to the % action is defined to be
dslls = F~H0)/%s.

This space is precisely the space of gauge equivalence class of flat G-connections on X, and

more conveniently, is the space
H!(Z, G) := { homomorphisms m;(X) — G}/ Ad(G).

The symplectic form €2 descends to a symplectic form on this reduction, that we also denote

by Qk.

4.3. Quantization. The rough idea of the quantization is, when we have a symplectic man-
ifold, we try to separate the coordinates into two groups, one is called position (qy,...), the
other is called momentum (py, . ..), so that they are a sort of conjugate to each other. Then
we take the Hilbert space of L? functions of (g, ...) to be the quantization of this symplectic

manifold.

Mathematicians call this separation of coordinates the polarization. For Chern-Simons
QFT, however, it is better to do the complex polarization like this: we pick a complex
structure T on ¥, then it deduces a complex structure on H(3, G) and makes it a complex
manifold. We next construct a Hermitian line bundle . - H?(X, G) such that there is a
connection with curvature —1 2. The quantization V; at level K is the vector space of all
L2 holomorphic sections of . ™ (Sections of a line bundle generalize functions.) Note that
to perform the quantization, we need the symplectic manifold to be “integral”, that is, 2 is
in the image of natural including H? HY(2,G),Z [HP H(Z,G),R , since it is the first

Chern class.

The level kK quantization of a symplectic manifold (M, 2) can be considered as the level 1
quantization of the scaled symplectic manifold KM := (M, k2). We shall use notations kM
and M/k (M with symplectic form /K) in the later sections.
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The situation now is not satisfactory. The space V; depends on the complex structure on
Y, thus if we assign E(X) = V¢, this QFT is not manifestly topological. We have to show
that Vi is somehow “independent” of T. Notice that the collection {V;}; forms a Hilbert
space bundle over the Teichmiiller space T(X). We hope that the fibers can be identified in
some canonical way, that is, we hope there is a flat connection on this Hilbert space bundle.
It turns out that at best we can prove the existence of a projectively flat connection, i.e. a

connection with Hol A id : A CAY.
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5. Inclusion of links

A link L in a 3-manifold Y is the classical description of moving point particles. The
particle may posses G-symmetry, and this property is demonstrated by endowing each com-
ponents of L an irreducible representation A of G. There is an interesting dynamical variable
called the Wilson loop,

W, (@) = Tra(Holk(w)),

K a component of L

and the (unnormalized) vacuum expected value of this dynamical variable will be our topo-
logical invariant,
Z(Y,L)=  W_(0) e% CS@ Dy,
This theory is a relative theory, and fould be understood as the coupling of a 2+1 TQFT

(the “absolue” Chern-Simons theory) with a 0+1 TQFT. The “equal-time universe” will be
a surface ¥ with marked points carrying irreducible representations inherited from the link
components these points belonging to (these marked points represent static charges), and
the cobordisms are 3-manifolds with arcs properly embedded in.

The existence of the static charges on the surface changes the symplectic manifolds
H1(Z,G). Recall that HY(Z, G) = F71(0)/%s. We will see that the new symplectic manifold
HY(X, P, G, C) is obtained by a variation of the symplectic reduction, i.e. F~1(M (P, \))/%s.

5.1. Borel-Weil theorem. The spirit of the Borel-Weil theorem is the correspondence
between the irreducible representations of a compact Lie group G and the “integral” coadjoint
orbits of G™! From the viewpoint of quantization, the vector space of a representation A is
actually the Hilbert space obtained by performing the quantization procedure on an integral
symplectic manifold — the corresponding integral coadjoint orbit My [CGH

Example: G = SU(2). Its Lie algebra G LRP and it carries a bi-invariant Euclidean
metric. The adjoint action of G is rotating this 3-dim Euclidean space. Identify G and G
by the Killing form we see that the coadjoint orbits are spheres centered at 0 [CQ™' Each
orbit is canonically a symplectic manifold with a transitive G-action on it. The symplectic
form is just the Riemannian volume form. If we quantize the sphere of radius a [N, we get
a vector space of dimension (a+ 1) with a G-action on it. The Borel-Weil theorem insures

that this representation is irreducible.
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5.2. Generalized moduli space. The effect of the existence of static charges (P1,A1),
(P2,A2), .., (Pr,Ar) can be extracted from the evaluation map ep : % - G, g(-) B g(P).
This map has a differential e5: GH- Lie(%s )5 'which sends coadjoint orbits My [ GI-to
coadjoint orbits e5{M,) [CLle(% )~ Let M(P,A) =  e5fM,) where the sum is over all
the marked points. The generalized moduli space is F~* M(P,A)/k / %s.

What are the elements in this moduli space? These are the gauge equivalence classes of
connections W [ds with the curvature F, [ eF',j('M;\/ K), that is, considered as elements
of Lie(%)=Lo}(x, GY!

Fo = ep?(fj/ K)
i
for some f; CM,,. Let & COP(%, G Lte(%), then

BRG ehHAE = HER)

> j j

so we conclude that F, behaves like %fj °0p;, i.e. vanishes except at those marked points,
and the Stokes theorem tells us the connection w is flat on X — {P4,...,P,} but has a
nontrivial holonomy around each point P;j.

This holonomy around Pj can be written as exp %fj‘:HG = exp 27"ij where fj‘:is
the dual of fj in G via some invariant bilinear form. Since we are restricted to the integral
coadjoint orbits, we can scale the bilinear form such that exp(2nf5'= e for any f in integral
coadjoint orbits.

Therefore at level K the irreducible representation Aj actually determine conjugacy class
Cj = {exp 2?"fj | f; M, } which is of order K, and around marked points the connec-

tions in the generalized moduli space have holonomies in these conjugacy classes. So the

generalized moduli space is explicitly

HY(Z,P,G,C) ={homomorphisms m; (X — P) - G

with periphiral subgroup around Pj mapping into Cj} / Ad(G)
The level k quantization is to construct an appropriate line bundle .Z on the level k
generalized moduli space and take the sections of .Z ™

5.3. The meaning of coupling. We have said that the Chern-Simons theory with a link
in Y could be considered as the coupling of the absolute theory and a 0+1 dim QFT. In
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this subsection we explain the meaning of this coupling at the stage of the equal-time phase

space, or, at the stage of the functor E.

Suppose group G acts as symplectomorphisms on X, and it has a moment map p: X —
G™'Let M [CGI-be a coadjoint orbit, we can construct a generalized symplectic reduction
U~ 1(M)/G. To give an interpretation of this reduction, first we remind that the inclusion
im : M 3 GHis exactly the moment map of the transitive action of G on the symplectic
manifold M. The point x CHI'*(M) if and only if p(X) —f = 0 for some f M. That is,
W(X)+i-m(—F) = 0. The moment map i : X x(—M) - G5df the diagonal G-action on the
product X x (—=M) is just the sum p+ i—p. So x CHIY(M) if and only if there exists an f
such that (x, —F) CEIt(0), that is, ®~1(M)/G = p1(U~1(0))/G where p; : X % (=M) - X
is the projection and it is injective on p=(0). Therefore p~1(M)/G L31(0)/G. In other
words, the “non-standard” symplectic reduction can be considered as a standard symplectic

reduction of a “extended” phase space.

If the coadjoint orbit M is integral, meaning, M = M, for some irreducible representation
A, then p71(M,)/G = u1(0)/G, where the opposite orbit —My [CGl~torresponds to the
dual representation A= The quantization of the reduction p=(0)/G is the subspace of
invariants of the quantization of X x (=M,), i.e. Inv(H A= Homg(A, H) where H is
the G-vector space produced by quantizing X.

From this perspective our level kK generalized moduli space Hl(E, P,G,C) is the sym-

plectic reduction s X - e,%'(M;\j)/ k //%s, and its level K quantization is the level

j
1 quantization of Kafs x j —eF%'(I\/IAj) //%s. 1f we furthermore pretend that the Borel-
Weil theorem generalizes to some infinite-dimensional groups like %, then we interpret the

quantization of HY(3, P, G, C) as the intertwining space

Homg, ep, (M), A
j

where 77 is the expected quantization of K.a7s.
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5.4. Relation to conformal field theory. The moduli space Hl(E, P, G, C) has another
interpretation that relates the Chern-Simons gauge theory to conformal field theory. Recall
that an element in Hl(E, P,G, C) is a connection which is flat on ¥ — P and has holonomy
around P valued in C. Now we delete a small open disk around each marked point Pj. The
surface becomes a compact oriented surface X"with boundary circles Sj. The moduli space
can be considered as the space of flat G-connections on X with holonomy around S; valued

mn Cj.

Therefore the theory including links can be also considered as the coupling of the absolute
theory to a 1+1 QFT. We take a look at this 1+1 QFT. Denote the space of G-connections
on the circle St by o1, and the group of gauge transformations is %: = {y : S* -~ G}.
This group is also called the loop group of G, denoted by LG. The action of %51 on 51 is
affine, and @1 has linear structure Q(S?,G) = Lie(%s1)"™!

At level K The group LG has a central extension LG (in this context K is often called the
central charge). We also use %s: to denote this central extension. Now there is an equivariant
hyperplane embedding .%: 3 Lie(%:)~ The orbit of 0 [dls: is therefore a coadjoint orbit
and it is determined by the holonomy of w, which is a conjugacy class C [GlI

The restriction rs : %= — % on one of the boundary circle S lifts to the central extension.
The differential of this lift is a map r&- Lie(%s)™L Lie(% )" Combined with the hyperplane
embedding o 3 Lie(%)™! we get a map vs : o5 — Lie(%)™]

Now a conjugacy class C [CQ of order Kk determines an coadjoint orbit W [ds [
Lie(%s)“that corresponds to a level k irreducible representation A of LG. The generalized
moduli space H}(3, P, G, C) is now interpreted as F~* Vs; (Wj) /95, and the level k
quantization is interpreted as

Homg, s, (Wj), 2 = Homg, rgftM,\j), H
i i
where Aj is the level K irreducible representation of the loop group LG associated to the j-th

boundary circle and Mp; is the corresponding coadjoint orbit in Lie(LG).
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6. Applications

6.1. Skein relations. An interesting application of the Chern-Simons QFT is the skein
relation used to define the Jones-Conway invariants for links in the three sphere. The three
oriented links L4, L, Ly in the skein relation are identical outside a 3-ball. Denote this
complement (with part of the link in it) by M, and this is actually a cobordism from a sphere
¥ with 4 marked points to the empty set. Then (S3,Lj) = M ° D; as cobordism (D; are
cobordisms [T 37n the following picture.

According to our axioms, Z(S3,L;) = Z(M), Z(Dy) @) Lt turns out that for G =
SU(N), if we give the positive points the N-dim definition representation A : SU(N) -
SU(N), and negative points A5 then the Hilbert space E(X) = Endg(A [AJlis of dimension

2 for k > 1. So these three cobordisms with part of links in in must satisfy a linear relation
0Z(D+) +BZ(D-) +yZ(Do) =0,

and the coefficients can be obtained by considering the action of twisting a disk of 3 on E ().
That twisting permutes the cobordisms D;j. This linear relation turns out to be exactly the

: : an=1
skein relation (where q = e N¥k)

~q"2Z(D.) + 4 N?Z(D-) = (=g + 4 2)Z (D).

6.2. Surgeries. Once we know Z(S3,L) for all L, we are able to compute Z(Y) for any
oriented closed 3-manifold Y . This is the Reshetihkin-Turaev invariant of 3-manifolds.

Remember that the the assignment Z is diffeomorphism-equivariant. Suppose M is ob-
tained by a surgery of S® on a knot K, that is, delete the neighborhood N of K and reglue
by a self diffeomorphism ¢ of the boundary torus ON = T. Then

Z(M) = LZ(S*=N), E($)Z(N) ).

A basis of E(T) can be constructed from some conformal field theory result. This basis
is Z(N,S,Aj),i = 0,...,t —1 where S is the core circle of N and A;j is an irreducible
representation of G picked from a finite collection Ag, ..., Ar—1. For any compact group G,
the trivial representation is always included in this finite collection and we always call it Ag.

Notice that Z(N, S, Ag) = Z(N) because the trivial representation gives trivial Wilson loop.
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We can even determine the matrix of E(¢) on this basis, from the results of Verlinde. Thus

we have the following computation

Z(M) = [Z(S*—N), E($)Z(N) [gr)
= [Z(S* = N), E($)Z(N,S, o) ek
= [Z(S*—N), E(d)y Z(N, S, Ni) [gkr)
=E(d)y CZ(S®—N), Z(N,S,Ni) [y
=E($)h Z(S3 K, N).

Further reading:

e The geometry and physics of knots by Michael Atiyah

e References of Atiyah’s little book

e Graeme Segal’s definition of conformal field theory

e Quantization of Chern-Simons gauge theory with complex gauge group by Edward
Witten

e Three dimensional quantum gravity, Chern-Simons theory, and the A-polynomial by
Sergei Gukov

 Lectures on tensor categories and modular functors by Bakalov and Kirillov (There
is an online version of these notes)

e Quantum invariants of knots and 3-manifolds by Turaev

= Conformal field theory and topology by Kohno (Also see the online lecture notes on
TQFT by Ko Honda)



